ON THE SEMI-CLASSICAL LIMIT FOR THE LANDAU-FERMI-DIRAC
EQUATION

PAULO SAMPAIO

AssTrACT. We study sequences of solutions to the inhomogeneous Landau-Fermi-Dirac equation
with Coulomb potential in which the quantum parameter converges to zero. Our main result
establishes the compactness of these sequences, which allows us to show that, up to a subsequence,
these solutions converge to a renormalized solution of the classical Landau equation with a defect
measure, as defined by Villani.

To do this, we work in the class of solutions that are obtained through approximation proce-
dures. For these solutions, we were able to show compactness in the vanishing quantum parameter
limit through a diagonal argument, which combines techniques from the study of Cauchy problems
for both the classical Landau and the Landau-Fermi-Dirac equations.
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1. INTRODUCTION

In 1936 Landau [1] proposed, based on phenomenological arguments, an equation that models
the behavior of dilute plasmas, today known as the Landau equation,

(1) % +uv- me = diVU (/a(v *U*)(f*vvff fvv*f*) d’U*) .

The unknown f = f(t,z,v) represents the probability density of finding a particle at time ¢, in

position z, with velocity v. Above, we have used the abbreviation f, for the function f(¢,x,v.) as
well as the convention (div, M); = Zjvzl aé\g JJ

The left-hand side is the transport part of the equation, which models the inertial aspect of the
particles’ movement. In fact, if the right-hand side of the equation were zero, then (1) would reduce

1

for the divergence of a matrix function M.
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to the free transport equation, and the particles would then follow straight trajectories along the
characteristic lines.

The right-hand side, on the other hand, models how these trajectories are affected due to binary
collisions between the particles. The matrix a(v —v,) inside the integral is called the collision kernel
and typically has the form

) ol = () (1, - 257,

P J(RY) function, called the cross
section, which varies according to the interaction potential between the particles. This way, if the
particles interact through a potential of the type

where I, denotes the n x n identity matrix and T'(|z|) is an L?

U(I) - |.’17|S’

then it can be shown that I'(|z]) = K|z|?, where § = 3 — 4/s, for s > 2 (see, for example, [5]). The
cases typically considered in the literature correspond to when I'(|z|) = K|z|7*2, where —3 <~ < 1.
If 0 < v < 1 we say the particles interact through a hard potential and if v < 0 we say we're dealing
with a soft potential.

Although not the way it was originally deduced, the (1) equation is generally seen as the asymp-
totic limit of the Bolzamann equation when the collisions are predominantly grazing, i.e. the angle
of deviation in each collision is small. This type of behavior is expected of very hot and rarefied
gases and, therefore, the Landau equation finds an important application in plasma physics.

In this case, the particles interact with each other through an Coulomb potential, where s = 1
and therefore v = —3. This is the only physical potential among those dealt with in the literature,
which is why it is the one we will focus on in this paper. Despite its physicality, this is also the most
singular potential. In fact, we will see later that this singularity imposes problems even in defining
a solution to the equation, and we will see that the solutions constructed in the literature for the
equation with this potential are of the renormalized type.

The above description only assumes that the particles in question are point-like, as in classical
mechanics, and obey Maxwell-Boltzmann type statistics. If, on the other hand, we want a model
for quantum particles, some changes must be taken into account.

Take the case of fermions. These are particles that obey the Pauli exclusion principle, which
states that no two particles can be in the same quantum state at the same time. Statistically, this
implies that the distribution function must have at most one particle per h3/m? of space, implying
the pointwise bound

1w
3

(3) 0< f(t,z,v) < m—%

Above we have that h is the Planck constant, m is the mass of the particle and § is called
the degeneracy of the particle. Fermions are particles that undergo a process of saturation: if we
already have too many particles in a given region of phase space, it becomes less likely that even
more particles will enter it. Thus, the collision probabilities for the quantum case are different from
those of the classical case, and this new underlying statistics is called Fermi-Dirac. Adapting the
Landau equation to these new probabilities gives rise to the so-called Landau-Fermi-Dirac (LFD)
equation, which reads

(4) % +v- V. f =div, (/a(v —v) (fe(M = ef) Vo f — f(1 - Ef)vv*f*)d”*>
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Historically, the first adaptation of the kinetic theory of gases to a quantum version began in
1928 with Nordheim [10], followed shortly after by Uehling and Uhlenbeck [12], who adapted the
Boltzmann equation to take Fermi-Dirac statistics into account, giving rise to the Boltzmann-Fermi-
Dirac equation.

In 1979 Danielewicz [4] used the asymptotic methods used to derive the Landau equation from
Boltzmann’s to take the limit of the Boltzmann-Fermi-Dirac equation, effectively arriving at the
Landau-Fermi-Dirac equation. The same equation, however, had already appeared in the literature
back 1970, in the works of Kadomtsev and Pogutse on the relaxation of stellar systems [8].

Once in possession of a quantum version of a classical equation, one wonders about the compati-
bility between the two. In fact, the correspondence principle of quantum mechanics states that the
behavior of quantum systems should be close to that predicted by classical mechanics in the limit
of a small Planck constant. In fact, if we formally take the limit € — 0 in equation (4), we recover
equation (1).

In this article, we propose to show that the above procedure is rigorously justified. That is, that
solutions of the Landau-Fermi-Dirac equation converge to solutions of the Landau equation in the
limit of a small quantum parameter €, a procedure mathematically called a semi-classical limit. More
specifically, we will prove that the LFD solutions constructed in [11] in fact converge to solutions of
the Landau equation constructed by Villani in [13], and therefore the Cauchy theories constructed
for these two equations are compatible. Furthermore, such a result also justifies the use of the LFD
equation as an approximation of the Landau equation.

A result of this type has already been shown for the Boltzmann-Fermi-Dirac equation by He, Lu
and Pulvirenti in [7], where it is shown that this equation, in its homogeneous form in space (i.e.
the distribution function f depends only on (¢,v)), converges to the homogeneous Landau equation.
However, semi-classical limit results for the LFD equation are unknown to the author.

2. PRELIMINARIES AND MAIN RESULT

Before stating the central result, let’s briefly review the Cauchy theory for the Landau and LFD
equations. For the Landau equation one can show that formally

(5) % // f(t)pdzdv =0

if ¢ = 1,v;,|v|? or |z — vt|?, which physically corresponds to the conservation of mass, linear
momentum, kinetic energy and moment of inertia, respectively. On the other hand, if we define
the entropy

(6) H(t)= / flog fdxdv,

we have that, formally, if f is a solution of (1), then the functional H (¢) is decreasing.
Thus, it is reasonable to assume that these quantities are bounded at the time t = 0, i.e,

M) / Fol1 + 22 + [o]2 + log fo) dzdv < oo

for a given initial fj, and so ideally we would like to construct a solution that obeys the conservation
laws and entropy decay. In particular, if we had such a solution, then the quantity

sup // SO + |22 + o] + log f(£)) dudv

would be bounded by (7), and so we look for our solution in the space of functions such that this
quantity is finite.
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Here the singularity of the collision kernel comes into play. Indeed, if we consider this kernel
for a Coulomb-type potential, the above bounds do not guarantee that the collision integral on the
right-hand side of (1) is well-defined, even in the sense of the distributions. One way to get a sense
of the solution even with this limitation is to consider renormalized solutions.

Formally, the renormalization process is a change in the unknown of the equation. Instead of
solving the Landau equation for f, we will choose a smooth, bounded function § and try to solve
the equation for g = B(f). Since the S function is bounded, ideally we get an unknown g that we
know is a bounded function a priori, which can help smooth out the product of singularities.

So let 8 = S(t) be a smooth function, called non-linearity. Multiplying the Landau equation by

B(7), we get ) o
) 4. v.800) = 8(F) { fbif},

ot ov; " ow;
where @;; = a;; *, f and b, = %EUJ’ . We can rewrite this equation as
98(f) _ 0 {_o8(f) £ nop— OF Of )
8) g+ VB = g (A, BB = B (P o+ eA8() ~ B
where ¢ = Oay; and we say that f is a renormalized solution of the Landau equation if the

Bviﬁvj ?
distribution B(f) solves (8) in the sense of distributions.

In order to tackle the Coulomb case, we assume throughout the paper that in Landau equation
we have the a(z) of the form (2), that the cross-section I' satisfies

(9) VR > 0 there exists a Kr > 0 such that I'(|z|) > Kg, V|z| < R,
and that is has the integrability

(10) r(l2) € L'(RY) + L®(RY),

for some r > %

The typical strategy for constructing solutions to this type of equation is to take solutions to
a well-chosen approximate equation, whose Cauchy problem is easier to study, and then prove a
compactness theorem for the solutions, enabling us to pass this equation to the limit.

For the Landau equation, such a compactness theorem was obtained by Lions in [9]. However,
as shown by Villani in [13], in the passage to the limit of the quadratic term in the derivatives g—i
imposes problems and a defect measure appears, giving rise to an even weaker notion of solution.

Let us then notate L% (Rij\[)) the space of functions g such that
S 1o+ el + 0P dade < o
Rif‘g

The existence result from [13] then reads

Definition 1. Let fo € L5(R3Y) be such that fo > 0 and for every § > 0, let 5(t) = 5. We
say that f € C((0,00); D'(R3Y)) N L>((0,00); L3(R2Y)) is a renormalized solution of the Landau
equation with defect measure and initial data fy if, for every & > 0, there exists a nonnegative

measure fi5, bounded on all sets (0,7) x RY x Bg, T < oo, such that Bs(f) satisfies

) Lo o) = - {0 s |

ot

wo e Of O
-8 (f)aijagi(%];

in D'((0,00) x R2Y), f(t) = fo as t — 0T in D'(R2Y) and we have

+2Bs(f) = B5(£)f] + ms
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1) Conservation of mass and linear momentum:

//f(t,a:,v)dzdvz/ fo(z,v) dzdv,

//f(t,x,v)vidmdv:/ folz,v)v;dedv Vie{l,--- N}

2) Decay of kinetic energy and moment of inertia:

//f(t,x7v)|v\2dxdv§/ fo(z,v)|v]? dzdv,

//f(t,x,v)|x—tv\2da:dv§/ fo(z,v)|z — tv]? dedo.

3) Entropy inequality:

// F(t,3,v) log f(t, 3, v) dadv + /0 t // d(r, 2, v) dzdvdr < // Folz,v) log fo(x, v) dzdv,

where
(12) d(t,x,v) = /a(v — ) f e

®2

Vof Vo770

f e

is the entropy dissipation.

More precisely, a renormalized solution with defect measure of the Landau equation satisfies, for
every ¢ € C2°([0,00) x R27),

B &
) Ba(f)aff— t ﬁé(f)v'vw%’:/t Eij%(f)aviofvj
a; ; _ D _Os(f) Ovs(f)
v [ |G +isun] 52+ [ @, 2n 00,

+ / eABs(f) — L) + / oy

txv

and we also have, for every 1 € D(RY x RLY),

/m RO / o

Some nuances of the above definition are worth highlighting. Note that while the equation on
(0,00) x Ril\é is stated for Ss(f), the statement of the initial condition rests solely on the function
f, without renormalization. In addition, some terms in the above statement are not well defined or
do not have a canonical definition.

Remark 1. In equation (11), since we have no regularity for the derivatives of f, the term @;; %v(jf)

must be interpreted as aivj [@i;B5(f)] — %E”J] Bs(f), in the sense of distributions.

Remark 2. Since we don’t suppose any regularity upon renormalized solutions, one might ask what

the definition of the quadratic term —j"( f)aij%% in the sense of distributions is. In fact, this
i ]

should be viewed as a notation for
(13) /

2

i

Va —v)VFVers(f)
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where inside the square we have an L7, ((0,00) x R2Y) function, which is defined in the sense of
distributions as

Valo = v )VEVs(f) = dive [Valo = o)V Fs(0)] = dive [Valo = 0] VFs(f)

This way, the term — 3" (f)a;; gj gf is an L'((0, 00) x R27) function, independent of the sequence
of approximating functions (f"),. However, we cannot interpret this immediately as a pointwise

product of functions, and this term should rather be seen as a "black box".

Remark 3. In the same vein as the definition of the quadratic term above, the entropy dissipation
(12) should be interpreted as the L*((0,00) x R2Y) norm of the function

div, (mﬁ@) — div, (\WW ) NN
— div,, (\/a(v —U*)\/f\/ft> + div,, (\/ a(v — v, ) NRVARVAR

For the Landau-Fermi-Dirac (LFD) equation, we have the same conservation laws (5) of mass,
momentum, kinetic energy and moment of inertia. However, the saturation effect described by the
Pauli exclusion principle leads us to consider, instead of (6), the guantum entropy

(14) S.(9) =1 [ =glog(eq) + (1 - 29)log(1 - <)

which is a decreasing functional in the solutions of the Landau-Fermi-Dirac equation (4).

For the quantum case, the extra bound (3) implies that the collision kernel is well defined even
in the case of a Coulomb-type potential. Thus, we don’t need renomalization to show the existence
of a global solution and we can construct a weak solution, in the sense of distributions, without any
problems.

This way, the existence result from [11] reads

Definition 2. Let fo € L3(R2Y) be such that 0 < fo < e~'. A function f = f(t,z,v) in

C((0,00); D'(R2Y)) N L>((0, 00); Ly (R2Y) is called a global weak solution of LFD with initial data

fo and quantum parameter € > 0 if it satisfies
of 0 (ai; f)
= -V, i Sl A
o TV Vel = Guae, T

in D'((0,00) x R2Y), f(t) = fo in D'(RZY) and moreover
1) Pauli exclusion principle:

[ O ¢y ip (1~ cf)

0< f(t)<e .

2) Conservation of mass and linear momentum:

//f(t,x,v)dmdv:/ folx,v) dadv,

//f(t,a:,v)vidxdv:/ folz,v)v;dxdv Vie{l,--- N}

3) Decay of kinetic energy and moment of inertia:

//f(t,x,v)\v\2d;vdv§/ fo(z,v)|v]? dadv,

//f(t,x,v)|x—tv\2dzdv§/ folz,v)|z — tv|* dedv.
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4) Entropy inequality:

//s(t,x,v) dxdv—i—/ot//d(ﬂx,v) dxdvdr < //S(O,x,v) dzdv,

s(t,x,v) =efloglef) + (1 —ef)log(l —ef)
is the quantum entropy and

(15)  d(t,a,0) = / a(v —v)f(1 = f)f.(1—ef)

is the quantum entropy dissipation.

where

®2

Vo f Vo, [« d

fA—ef)  fl—cf)

More precisely, f is a global weak solution of LFD if for every test function ¢ € D((0,00) x RY x
RY)), we have

2 .. _
i fviawz—/tfa“" /t[aa”erbif(l—Ef)}&p

Qs _
trv 8t trv 8:51 * (%i@vj 8vj (91}1'

and for every 1 € D(RY x RY), we have

/w RO / o

Remark 4. As is the case for the classical Landau equation, here the lack of regularity a priori in
v implies that one should interpret the entropy dissipation (15) in a different way. The result in

[11] proves that the entropy inequality is valid is we interpret the integral fg [ d(,z,v) dzdvdr as
a notation for the L?((0,¢) x RY x RY x RY') norm of

div, [\/a(v — v, )/ fo(1 — f,)arcsin \/ﬂ — div,, [\/a(v — v,/ f(1 — f) arcsin f*]
— div, (\/a(v - ’U*)> V[ (1 = f.)arcsin\/f + div,, (\/a(v - v*)) V(1 = f)arcsin \/f.,

where the divergence of a matrix A is defined as div, A = > ; 88‘21'7 . The motivation for using the
J

expression (15) is that if f has some regularity in v, then the two expressions are equal.

The existence of such solutions was proven in [11] by a compactness argument reminiscent of the
work of Lions and Villani for the Landau equation. In this approach, we construct a sequence of
equations that adequately approximates the LFD equation and then deduce a compactness theorem
for its solutions, which allows us to pass to the limit in the approximations and obtain a solution to
the LFD equation.

The technique we will use to prove a semi-classical limit for solutions of LED depends on being able
to pass from a weak formulation of this equation to a renormalized one, and therefore to manipulate
products of derivatives of these solutions. We don’t have regularity results for these solutions, but it
turns out that it’s enough to consider solutions that originate from solutions to approximate, more
regular equations, which leads us to the definition of suitable weak solutions of the LFD equation.

Definition 3. A weak solution f to the LFD is called a suitable weak solution if there exists a
sequence f,, € L2((0,T) x RY; HY(RY)) of solutions to

o, 0 [0 g
(16) W + v vzfm = avj Qij 81}1 bj fm(l Efm)
fm|t:0 = fO,m

such that f,, — f almost everywhere in (0, 00) X ]RiNU and
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i. Convergence of the coefficients: @™, div,a™,b ", div, b are L75.((0,T)xR2%) functions
such that
a" —a b b
divy,a™ — div, @ div,b" — divy, b
in L},.((0,T) x RiNv)
ii. Uniform bound: There exists a C > 0 such that, for every m € N,

T
(17) / / Fm (L4 0|2 + |z — tv|?) dedvdt < C and 0 < f,, <e L
0 R2N,

We call the sequence of approximating functions ( f,,)m an approzimating scheme. The matrix @™ is
called the diffusion matrix and it is sometimes useful to explicitly state which sequence of diffusion
matrices we're using. In this case, we say that f,,, — f is an approximation scheme with diffusion
@ )m.

Note that, by Vitali’s convergence theorem, the bounds (17) imply that the convergence f,, — f
holds in L}, ((0,00); L*(R27)). Also, the solutions constructed in [11] are suitable weak solutions
and if we had uniqueness for the weak solutions of LFD then all weak solutions are suitable.

The main theorem reads as follows

Theorem 1. Let €, — 0. For each n, let f™ be a suitable solution of the LFD equation with
quantum parameter e, and initial data 0 < f < e, 1. For eachn, let f — f™ be an approzimating
scheme with diffusion (™)

Suppose the diffusion matrices satisfy

(18) G > xy (F(L— ef1)), where ap(z) = Do(|2]) (I - ﬁ) ,
with T, such that T, (|z]) — T(|2]) in L},

LRYY and for every R > 0 there exists some Kr > 0 such
that

I (|2]) > Kg V|z| <R.
If the sequence of initial data (f)n is such that

(19) // fg(1+\x|2+\v|2+1ogfg)dxdv—>// ol + 22 + [o]2 + log fo) dzdv
R2Y, m2

then, up to a subsequence, the sequence f™ converges to a renormalized solution of Landau equation
with defect measure.

Hypothesis (18) arises as a requirement of the techniques we use and also as a result of the fact
that we would like to write the quadratic term of the renormalized Landau form in the “natural”
form (13). However, this convolution structure is not essential for demonstrating most of the results
and if we are willing to offer an alternative, albeit more abstract, interpretation for the quadratic
term, we can alleviate the requirement (18), which specifies the way in which we approximate the
diffusion matrix @, in favor of a slightly more general ellipticity requirement.

Theorem 2. Let ¢, — 0. For each €, let f™ be a suitable solution of the LFD equation with
quantum parameter €, and initial data fi. For each n, let f]; — f" be an approximating scheme
with diffusion (@™ )y, .
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If the diffusion matrices are such that 22 ¢ L2 ((0,T)xR2N) converges to g%" in L}, .((0,T)x

Ovy, loc ) k loc

Ri%), for every i,j,k=1,...,N and such that for every R, R’ >0 and n € RN,

UV — Uy n

2
(20) E?ijmﬂj > /| <R v [1 - <|U—’U ’ |,,7> ‘| |77|2f:71L7*(1 - fg@,*)de V|’U| < R7

then we can write the quadratic term in Landau equation as

_ofraf .. . ko 2
_5”(]0)&”8711,-87;]' = hkrglcgf ‘S (a)Vw(f)’ ,
where the term inside the square is an L7, ((0,T) x R2Y) vector function, defined in the sense of
distributions as

SE @V (f) = dive[S* @)y ()] - dive[S* @)y (f),

and S* is some smooth approzimation of the matriz square root.

We remark that the statement (20), although very close, is a weaker requirement than (18).

The technique we will use to prove Theorems 1 and 2 consists of using the extra regularity
provided by the (f), approximations to pass the equation into a renormalized form and then
study the compactness of the diagonal of the scheme

fo g

2 :n
;)é ‘L

(21) f

That is, show that there exists a sequence m,, — oo such that (f}}, ), is strongly compact in L.
Since the approximation schemes (f)}) are always “close” to f™, we can then show the convergence of
f™ “in tow” to the same limit, which we will show is a renormalized solution of the Landau equation
with defect measure.

In order to do this, in Section 3 we start by proving that any time we have such an arrangement,
there exists some diagonal that is weakly compact. We then proceed in Section 4 to show that
approximate solutions satisfy in fact a renormalized formulation of LFD, which we will use in Section
5 to prove that our diagonal is in fact strongly compact. Section 6 is then dedicated to using this
compactness to pass the renormalized formulation in the limit, thus proving Theorem 1, and finally
in Section 7 we prove Theorem 2 by studying approximations of the matrix square root.

3. WEAK COMPACTNESS OF DIAGONAL SEQUENCES

In the existence theory for the Boltzmann, Landau and Landau-Fermi-Dirac equations, the con-
servation laws obeyed by these equations automatically imply their solutions are weakly compact in
L},.((0,00), L (R2Y)).

In our case, however, the approach needs to be slightly different, since our approximation schemes
don’t necessarily satisfy conservation laws. In fact, this is neither assumed about the schemes nor can
it be deduced from the approximating equations themselves, since we don’t even have the convolution
structure of @, b and ¢ for these equations. Despite this, we can construct a diagonal sequence that

is weakly compact in L', and the main result of this section then reads

Lemma 1. Let f™ be a sequence of suitable weak solutions to the LFD equation (4), as in Definition
3 and for each n, consider f!, — f"™ an approximation scheme for f™.
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If there exists a C' > 0 such that
// o+ |z)? + v]? + log f&) dedv, < C
R2N

then there exists a sequence (My,),, such that if m,, > M, for everyn € N, then the diagonal sequence
(fr Jn is weakly compact in Li,.((0,00); L*(R2Y)).

loc

Proof. The main idea is that although we don’t know if the approximate solutions obey conservation
laws, the f" solutions definitely do, so we choose a diagonal sequence f;; ~that is close enough to
the f™ sequence.

Note that the uniform bound implies weak compactness in L' by a simple application of the
Dunford-Pettis theorem.

Part I: Bounding the approximating terms by their limits

We'll start by showing that for every 7 > 0 and n € N there is a Cr > 0 and an M,, 7 > 0 such
that

T T
(22) | [ sl e - ol noggah <ok [ [ priogs
0 v 0 v

for every m > M, r.
Indeed for every n the sequence ( f% (1+|v[*4|z—tv|?)),, is uniformly bounded in L' ((0,T'); L* (R27))
and f7, — f™ in L*((0,T); L*(R27)), hence it follows by interpolation that

(23) P ol + o = o)) = f*(1+ o] + o = to]) in L1((0,T); L' (RZY)),

thus there exists some M,, r > 0 such that

T T
| sl -nh < [ ] gl sle- )+
0 xv 0 v
T
gz/ / P4 v + |z —to) + 1.
0 TU

for every m > M, 1. Then, since f™ is a solution of (4) as in Definition 2, we have that

T
[ ] rasipsie-nl) <7 [ gl e,
0 v v
which then achieves the first part of inequality (22).
For the entropy part notice that, for any function h = h(t, z,v) we have
h|logh| = hlogh — 2hlog hl <13
We can bound the last term as
—hloghlp<iy = hlog(1/h)Lin<exp(—|a|—|v))} + P108(1/ M) Linsexp(—|z|—|v])}
< hlog(1/h) L n<exp(—|z|— o))} + (x| + [v])
and since xlog(1/x) < /z, for every x > 0, we conclude that
—hlog hl(n<1y < exp (—(|z[ + |v])/2) + h(|z] + [v]),
thus

1
(24) hllogh| < 2exp [—2(|x| + |v|)] + hlog h + 2h(|z| + |v]).
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Then choosing h(t,a’,v) = f™(t, 2’ 4+ tv,v) and letting = 2’ + tv we have that

@25) (62,0108 £t,2.0)| < 2exp |~ (1 = t0] + )| + /70,2, 0) o 0. ,0)
+2f™(t,z,v)(|Jz — tv| + |v]).

for every (t,x,v) € (0,T) x RZY. So in particular, for 0 < f7 < et
1
[ log fr| < 2exp {—2(|x —tv] + |v|)} + 2+ fr (14 |z —to] + [v]).

hence from (23) it follows that f7|log fr| — f"|log f*| in L'((0,T); L*(RZY)), for each n by
dominated convergence. There exists some My such that

/OT/wvfrrﬁlogfﬁz</0T/mf"|10gfn|+1

for every m > M, 1. Then, applying inequality (25) leads

T T
//ffnllongISCN+Cm/ /f”logf”
0 v 0 zv

which implies the inequality that we wanted.
Now, since f™ is a solution of (4) as in Definition 2, we have that

T
| [ stk sla-nl) <7 [ gl e,
0 v v
which then proves inequality (22).

Part II: Entropy bound

We now pass to the entropy part of the proposition. A remarkable property of the functionals
(14) is that although the LFD equation (4) formally becomes the Landau equation (1) in the € — 0
limit, we don’t have formal convergence from the quantum entropy to the classical entropy.

Indeed, any function of the form f&(t,z,v) = e '1a(x — tv,v) is a weak solution to (4) that
conserves mass and kinetic energy and is such that S.(f¢) = 0. But notice that H(f¢) — oo, which
implies that we cannot control the classical entropy of a semi-classical limit just by an uniform
control over the quantum entropies.

Thus, we see that not every semi-classical limit of LFD solutions gives rise to a physical result
with only a uniform estimate on the quantum entropy, and another estimate must then be found.
Let us then show that

(26) / ™ log < / foog 17 +/M .

Since 0 < ff < &1, we have that
| fronss =2 [ efgton sy +(1—efp)los(1 —<fy)
= 5.) = [ 5 108(e)
> 5.(10) = [ £ 10g)
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Now, using that for every 0 < z < ™!, we have
1
— [exlog(ex) 4+ (1 — ex)log(l — ex)] > xlogx + xloge — x,
€

it follows that

/EUfSlIngélZ/wvaIngn+/gcvfn10g(€)—/Mf”—/mf(?log(a),

and then (26) follows from the conservation of mass of f".

Part III: Weak compactness

Now, applying (22) together with (26) we have that for all ' > 0 and n € N there exists a Cr > 0
and an M,, > 0 such that

T
/ / (14 o] + |z — to] + | og f2]) < Cr
0 TU

for all m > M, 7, which is indeed the first part of the statement. In this final step we show that
the bound we have shown indeed implies the weak compactness from the statement.

Let N,, = maxpeqy,...,n} Mn,r and suppose that the diagonal sequence (f), ), satisfies m,, > N,
for every n € N. For every n > 1 we have that m,, > N,, > M,, ; hence

1
) | ol o= tof + log 13, ) < Co.
0 Jzv

Let us write g" instead of f}. . The bound (27) gives us, from the Dunford-Pettis theorem, that
there exists a sequence k1 (n) such that
g’“(") —glin Ll((O, 1) x Rij\vf)

Next, for each n > 2 we have that m,, > N,, > M,, » and hence

2
| sl s o= ol + g £,1) < C
0 Jzv
and similarly this implies there exists a ko(n), subsequence of k;i(n), such that
g = g% in L1((0,2) x REY)

and from uniqueness of the weak limit, we have that g2 = g* a.e. in (0,1) x R2Y.

We repeat this argument, taking subsequences of subsequences to construct, for every m, a
sequence (g"m(")),, that converges weakly in L'((0,m) x R2™) to g™. As before, we have that if
N < M then g%V and g coincide in ¢t € (0, N). Thus, if we consider

9= Z gn]]-[n—lm) (t)v
n=1

then g% is the restriction of g to (0, N).

The diagonal sequence g"»(") converges to g weakly in L}, ((0,00); L*(R2Y)). Indeed, for every
T >0, let N > T. By construction, the sequence g*~(") is a subsequence of ¢"~¥(™ | for n > N, thus
it converges to g in (0, N) and in particular it converges to g in (0, 7).

We then relabel the diagonal sequence k,(n) simply as n and we have, to summarize,

=g in L, ((0,00); L"(R2Y)).
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4. FROM WEAK TO RENORMALIZED SOLUTIONS

A crucial step in the proof of Theorem 1 consists to find a renormalized formulation for the LFD
equation, which we will later pass to the limit by making the quantum parameter tend to zero. So
far it is not known whether weak solutions of the LFD are also renormalized solutions (and in what
sense these renormalized solutions would be defined), so in this section we will show that if we had
a little more regularity in the variable v, then weak solutions are renormalized and vice versa.
Proposition 1. Suppose g € L%Oc((O,OO) x RY: HZOC(RN)) N L*>((0,00) x Ri{g), let Bs(t) = 1_,f5t
and A”,Bl, %B € LS. Thus, g is a solution to

9 9 _ 9 [z 99 5 q_
(28) (‘% v Zaxi - 8'Uj {AU (%Z- Blg(l 59)}

in D'((0,00) x Rij\[)) if and only if Bs(g) is a solution to

(29)

) 1.9, 55) - - {2, 20

- = Bl ~ 2e9)0sl9) ~ 225,550 |

- Bi(g)A ”aTiaTj —Clg(1 —eg)B5(g) — (1 — 2¢9)Bs(g) — 2¢Bs(g)]

in D'((0,00) x R2N), where C =Y, 2

T,V

181} and35 fO ﬂé

Proof. We begin with the direct implication. The formal procedure consists of multiplying both
sides of the equation by g5 and then rewriting the derivatives in the appropriate form, using the
product rule. However, due to the low regularity of g (particularly with respect to the variables ¢
and ), we cannot justify this procedure directly.

To overcome this, take p to be a C>(R2Y) function with support in (—1,0) x B;(0, 1) and define

the mollifying sequence
: 1 t
Pm(’l‘)—WP m'm)

Fix t > 0 and € RY and consider a test function ¢ = ¢(v) in C2°(RY). Testing equation (28)
against

v R, xRY SR
tax —
(5,9) = pml(t — 5,2 —y)p(v)

leads

/// g8 v (“Ll%ﬁ:)(t—sx y, 0)p(v) dydvds

/ // { Ua— — Big(1 —eg)| (s,4,0)pm(t — 5,2 —y) g;i (v) dydvds,

which are convolutions (in the variables ¢ and z) with p,,. Here it will be useful to establish a
notation for the rest of the proof. For any distribution 7', let’s note T, the convolution

Tm =T *t,w Pm-
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This way, we rewrite the above expression as

Ogm Ogm
e 1, 0)pl0) do— [ 0 (4 0)ple) do

_ (1799 B.1- Op
- [ [ ~Bat-=0)| wanFZo) .

for every t > 0 and z € RY.
Let ¢ € C°((0,00) x Ri%), taking v — (¢, x,v) as a test function in the expression above and
integrating in (¢,z) € (0, +00) x RY we obtain

agm 8gm - 39 = 8(p
- - ; = A;;—— — B;g(1 —
/tm; ot 2 ~/t:w U; Bxl ® /;zv |: iJ 81)]- zg( 59):| . a’UZ"

where we have used the notation [, =~ to denote [~ [ dt.
Now let xx be a mollifying sequence in all three variables (¢,z,v), with support in (—1,0) X
B, (0,1) x B,(0,1). Taking (5'(gm) * Xx)® as a test function in the equation above, we have

(30) —/t aé%”(ﬁ’(gm)*xk)so—/ viaim(ﬂ’(gm)*xk)w

txv 0 7
1.99 5 oq_ (B’ (gm) * xr)¥]
n/tzv |:A” avj Blg(l Eg) 6'01' .

m
We start by passing this equation to the limit k& — oco. To lighten the notation, for the rest of
this proof, let us simply note L} for L} ((0,00) x R2Y). Since | (gm)| < 1, we have, by standard
convolution results,

8 m ’ — 00 a m o/ 6 m

%m (g ) £ D, = O0Nm)

0 m / —00 0 m 0 m
v 89:51- (B'(gm) * Xk) =25 0 aii B (gm) = vi %(i )

s D
in Ly,

for every 1 < p < o0, hence the left-hand side of (30) converges to

[ 9B(gm) _/ 0B(gm) ¢ Oy
/t:cv ot 4 tgcvvz axl v tﬁcvﬁ(gm) ot - t:wIB(gm)UlaIi7

after integration by parts. For the right-hand side of (30), consider

A (10 8) ] 020 2

Using that B”(gm)%g% and B3'(gm) are in L? _, the above expression converges to

i\ O9m N
B" (gm) D, o+ (QM)avi

in L? . and is compactly supported. Since {Zija%" — Big(1 — 5g)} € L? _, passing (30) to the limit
J m

k — oo gives

0 0
@) [ BlanGe+ [ Blannzt

_ 5.9 5 q_ iy \99m g 0P
- /txv {A” Bo; B,g(1 Eg)}m (5 (9m) 9, e+ p (gm)ﬁvi) )

and it remains to pass this equation to the limit m — oo.
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The left-hand side of (31) converges to

/m; Blg) / Ao axz

since g,, — g almost everywhere and |3(g,,)| < C. For the integral

- 89 17 agm ’ 880
/m [Aijauj]m (ﬁ (gm)aTi%Lﬁ (9m) ) ,

8”Ui

we have that [AZJ g } — A” v, 10 L? . Passing to a subsequence, if necessary, we have that 89m
m

is dominated by an L2 function. Since 8" is bounded, we conclude by dominated convergence that

2,290 g1y 29 gripya, 9999
|:A” 8vj]mﬁ (gm) (9’02' - B (g)A” 8vi aU]'

and

— Og , — 0g ,, — 0B(9)
[Az-ja%]mmgmﬂ-% (9) = 4,229

in Llloc, thus the above integrals converge to

+..99 99 /—66()&%7
1

7 AZ

tzv B (g) 7 a 6UJ ;" * tzv ! 61}] 8’01
and similarly, one can prove that

- 9gm d¢ / = 9g ¢

Big(1 — " - / - Big(1 — " / ]
/m[ g(1—eg)] (ﬂ (9 )8111» o+ 5(g )(%i) -/ g(1—eg) (B (g)aviswrﬂ (g)avi
However, the limit distribution we have above is not yet in the same form as that found in

equation (29). Consider then (g,)n a sequence of C2°((0,00) x R2%) functions such that g, — g in
L2 ((0,00) x RY; HE (RI)). For each n, notice we have

0 = _
6/(gn)87’01' [Bzgn(l - Egn } a r 25971 gn) + 2EBiB(9n)] +

c [gn (1 — Egn)ﬂ/(gn) -

(1 - 259n)/8(9n) - 2EB(gn)} ,
but also
()2 (Bign(d ~ 9 B ’ Bign(l (g 29
B (g”)aT;Z rlgn( *5971)] = 87111 [ ign( - 59n)5 (gn)] - ign( - 59n)ﬂ (gn) v,

so passing both sides to the limit in the sense of distributions we conclude that

- [ Btz (05l + @32 ) = [ (B0 - 2:0)00) + 2B.80)) 5

Vi

+ / Tlo(1 - eg)f'(g) — (1 - 2:9)B(g) — 2:B(g)] o

15
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for every ¢ € C2°((0,00) x R27) and therefore

Op _ — D
- / 5ale) 5 - /m&(g)v-vmgo— /thZJB(s(g) G,
o o oy

821']' — . // _
+ /m {%56(9) + Bi(1 - 2e9)Bs(g) + QEBiB(Q)} 9o /m B3 (Q)Aij%avjw

+ [ Clg(1 —eg)B5(9) — (1 —229)Bs(9) — 2¢B(g)] ¢

tzv

for every ¢ € C2°((0,00) x R2T).
For the reverse implication, if g satisfies the above equation for every § > 0, taking 6,, = 1/n — 0
and notating 3, for 55, we have that, almost everywhere,

Bnlg) = 9. Bulg) = 1, B(g) =0
and from dominated convergence, B, (g) — ¢*?/2 a.e. This implies, given that g € L°°, that the

left-hand side converges to
dy /
— g—— — gv - V.
/tarv ot tzv

For the right-hand side we have that,
AijBn(g) = Aijg

OA,;; _ _ 0A; —
L Bn(9) + Bi(1 — 2e9)g + 2¢B;B(g) - ——2g + Bi(1 —eg)g
6vj 8vj
99 99 —0

1 .
Bn(g) 3 avi an

Clg(1—eg)B(g9) — (1 —2e9)B,(9) — 2¢B(g)] — 0
almost everywhere, but since |3,(9)] < g, [84(9)] < 1, [84(9)l < 2 |Bulg)l < ¢/2 and g €

L>°((0,00) x R2Y), these convergences actually hold in Lj,.. O

An immediate corollary of the above result is that although we don’t know whether weak LFD
solutions are also renormalized solutions, the solutions in an approximation scheme definitely are.

Lemma 2. Let f be a suitable solution of LFD, with f,, — f an approrimating scheme, as in
Definition 3. Then, taking Bs(t) = ﬁ we have, for each n,

@2 L) 90510 = o {2 ) B0 2 ) f) — 268 B )}
i b
" 7ma m 9 m =m /
B A Ol [ (1 )5 () — (1= 22 1) Bs i) — 2B ()]
i OUj

in D'([0,T] x R2Y), where @™ and b" are the same as in equation (16) and ¢ = %bTii.

5. DIAGONAL COMPACTNESS OF APPROXIMATING SCHEMES

The existence results for the Landau equation in [13] and Landau-Fermi-Dirac in [11] are, in
essence, compactness results for approximation schemes. For example, for the Landau-Fermi-Dirac
equation, it is shown that a sequence of solutions in L? ((0,00); L?(RY; H*(RL'))) to an approximate

loc
equation is strongly compact in L}, ((0,00); L'(R2Y)), which allows us to pass the approximate
equation to the limit.
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The idea then is to take advantage of this compactness of the approximation schemes to extract
the compactness we want for a semi-classical limit. However, since the LFD existence theorem is
proved for a fixed quantum parameter, we can’t use it directly for a semi-classical limit.

Consider then a sequence of vanishing quantum parameters, 6, — 0 and, for each n, let f™ be
a suitable solution of LFD, with f. — f™ being an approximation scheme for this solution. We
want to prove that the diagonal of the diagram (21) is strongly compact, that is, given a sequence
my — 00, the sequence of approximate solutions (f;, ). is strongly compact in L'. Once this
diagonal has been established, we can choose f; closer and closer to ", and in the end we will have
that the f™ converge “in tow”, culminating in

Lemma 3. Let (f™) be a sequence of suitable weak solutions to (4). For each m, consider an
approvimating scheme f)! — " satisfying (20). If the diagonal sequence (fy, ) is weakly compact
in L},.((0,00) x Rgl\é) and

TNn,m
—Nn,m : —Nn,m [ =n,m
a™v"n, div,at™n, b , comn

are bounded sequences in L, ((0,00) x R2Y), then (1, )n is strongly compact in L},.((0,00) x R27).

The outline of the proof of Lemma 3 is very reminiscent of the proof of the existence of weak
solutions to the LFD equation. First, we prove the compactness of velocity averages of the solution
sequence, which gives us compactness in the ¢ and z variables. Then we study the parabolic part of
the equation in order to get compactness in the v variable and finally a proposition will allow us to
join the two results and get full compactness in L' for these solutions.

5.1. Velocity Averaging. In the study of transport equations, the averaging lemmas constitute a
whole body of results stating roughly that, if f is a solution to a transport equation 9, f +v-Vf =g
such that f and g are bounded in L?, for example, then the velocity average

[ todv

should be bounded in a more regular space (in the above example, it is bounded in H'/?). Hence
for a bounded sequence of solutions f™ then, we expect the velocity averages to be compact in L.

First shown independently by Agoshkov [2] and Golse, Perthame and Sentis in [6] in an L? setting,
averaging lemmas are now a standard technique in the study of kinetic equations. The version we’ll
use here is a simple corollary of Theorem 1.1.8 of [3], which reads

Theorem 3. Let (2 be an open set of Ry xR, (f,)n a sequence of functions bounded in LY (QxRM),
with p > 1, verifying
Ofn +v-Vafn = Z %9\ in QO x RM
la|<m

for some m € N, where (gﬁf“))n is a bounded sequence in the space of measures Mio.(2 x RM) for

each |a| < m. For any v € C°(RM), consider the velocity averages

pg(t,l’) :/fn<t7mav)w(v)dv'

Then, the sequence (p})n is compact in L} .(Q) for any ¢ < p.

In order to apply this theorem to the renormalized equation (32) we have deduced in the last
section, we first show an estimate for the quadratic term in the derivatives on the right-hand side
of this equation.
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Lemma 4. Let (f™) be a sequence of suitable weak solutions to (4). For each m, consider an
approzimating scheme fJ} — ™, as in Definition 3. If the sequences

=n,m
—n,m M —n,m 4 n =n,m
av™r div,a™™, b , cvmn

are uniformly bounded in Li,.((0,00) x R2Y) then for every T, R > 0,

d
/// ag Plim,) 05Unma) gy < Crn
(0,T)XxBrxBr ov; v

where Cp, g > 0 is a universal constant, which doesn’t depend on n and B(t) =

t

T+t-
Proof. In equation (32), choose 5(t) = 1T-t as non-linearity and ¢ > 0 such that ¢ = 1 in (0,7) X
Bpg x Bpg as a test function. This way, we have, since 8" (t) = *ﬁ
_ 1 ofr ofn ‘ 0
2 a;™ m My < 7 1(0)(0)] + )=
/t:cv ! (1+f77>11)3 dv; avj v (f )( )(p( ) tzv ﬁ(f )

2

—'VL m n <)0
/m Blfm )81118%

af’nm o
" /twv[ Ov; Bfm) + (1= 26, f2)B(fR) + 28,0 " B(f1)

+| [ st w\ ;

8

[

+ / e (L= enfp)B'(fm) — (1= 220 f1)B(f7) — 2enB(£7,)] @‘ :
txv
Since |5(t)| < 1, the first four terms in the right-hand side are bounded by

0%
(%iavj

v Vol + 15" .

IOl + H | .
(supp ¢) .

Now, since 0 < f7 < e ! we have \1 —2e,f| <1 and for this S,
lenB(fy)l = en(fi, —log(L+ f1)) <enfp <1
hence, the fifth term is bounded by

. . -n,m
(||d1vv @™ || 11 supp ) T 2|0 HU(SHW)) el Lo -

Finally, using that 0 < tg8'(t) =
by

(1+t)2 <lfort>0and |l —¢,f"| <1, we bound the last term

4lle™™ |

The result then follows since (8'(t))? =

(SuppsO)H(pHLoo'

We could use Lemma 4 directly, together with the estimates we have for the f™ solutions, to
deduce the compactness of the velocity averages of 5(f™). However, as in the proof for the existence
of global solutions to the LFD equation, it turns out that the quantity we must prove compactness
for the velocity averages is f™(1 — &, f™). We therefore need to do some extra work to get the
compactness from one to the other.

Lemma 5. Let €, — 0 be a vanishing sequence of quantum parameters and for each n let f™ be a
suitable solution of LFD with quantum parameter ey, with fJ} — f" an approzimating scheme, as
in Definition 3. Define F" = fI (1 —epf2).
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Let my, — 00 be such that (f1 )n is weakly compact in Lj,.((0,00); LY(R2Y)), then the velocity
averages

/F” @ dv and //85 )@ dv
are compact in L}, ((0,00) x RY), for every o € C(RY).
Proof. Throughout this proof, we will notate the sequence f;, as f™, as well as the coefficients a;,
5:1 and ¢, as a”, p" and ¢", respectively.
This proof is divided into three parts. First, we will show the compactness of the velocity averages
of Bs5(f™), using the renormalized formulation. We then proceed by showing that the velocity

averages of O5(f™) converge to the same limit as the velocity averages of s(F™) and finally we relax
the value of § > 0 to achieve compactness for the velocity averages of F'™.

Part I: Velocity averages of B5(f™)
Equation (32) can be rewritten as

aBs(f) o O°Gy oGy
T T vzﬂ&(f ) - 8%8’%‘ 61)1-

where the functions in the right-hand side are given by

Gl = ag (")

oay; -n n
G = S Bs(f7) + B (1= 260 ™) B5(f7) + 22,5, B (")
J

+G"

G = " [F(1— a4 — (L= 220 f")Ba(S") — 22 Bs(7™)] - B G- O
i OUj

Now, since f5(t) < 671, |1 — 2¢,f" <1 and

R . ) EC AT

it follows that the first two functions satisfy

G| <07 ay| and |G <67 || 4+ 357 1(b; |

O'z\H

and thus these sequences are bounded in L?
it follows that

loc

((0,00) x RY). Moreover, since ¢35(t) = (1+t6t) <

afr ot
@ij Qv vy
and from Lemma 4, this sequence is bounded in Lj,.((0,00) x R2Y). Since (B5(f™))n is bounded
in L*((0,00) x ]RiJY,) Theorem 3 implies that the velocity averages [ Bs5(f™)¢dv are compact in

L},.((0,00) x RZY). We then pass to a convergent subsequence.

Part II: Velocity averages of B(F™)
The next part of the proof consists of passing from the compactness of the B(f™) averages to the
compactness of the S(F™) averages. Notice that
fn 1 —1 n
<0 enf

|Bs (F") — ﬁé(fn”_gnfnl_i_(sfnl_‘_(s}?n >

and thus we may estimate the difference of norms as

/m /U,é’(F”)w—Aﬁ(f”)w <

G" < = IC"\ 5 (f")a;

“lenf el < 6 enllellnee 1"y,

tev
txv
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and since || f"||: < C, the above quantity converges to zero as n — oc. Since the velocity averages
of Bs(f™) are compact, the above argument not only shows that the velocity averages of 85(F™) are
also compact, but that the two limits coincide.

Part III: Velocity averages of F™

In this last step, we will use the fact that the 6 > 0 taken so far is arbitrary to obtain the
compactness of the averages of F". We have, for any K > 1,
5(Fn)2

S(F™)?  §(F™)? L N L
L+ 0Fn — 14 oFn =8 T 1 gpn ol
is an increasing function bounded by 1/§ and that F™ = f"(1 — e, f") < f",

|Bs(F"™) — F"'| =

Using that ¢t —
it follows that

1+6t

F™) — " < OF "L pn F'lpn
|Bs(F"™) ‘_1+§K rr<k + Fr>K
and therefore

< Kéllpllee | "

txv txv

fn]]_fn>K

[ [

But since (f™),, is uniformly integrable, for every € > 0 there exists some K. > 0 such that
sup [P, <e.
This way, there exists a C' = C(T, ) > 0 such that for every § < e/K.,
/ Bs(F") / Fe
For each m € N, let 6,,, > 0 be such that

W (F™) e / Fo

for every n € N. Since the Veloclty averages for B5(f™) are compact we conclude that, for each m,
the average [ fs,, (F")y will converge, up to a subsequence. Let us notate pj, = [ Bs,, (F™)p. We
will use a diagonal argument to construct a single subsequence that converges for every m.

<C(T,p)s, VneN.
Ll

1
<

— )

1

We have (p7), compact, thus there exists some sequence kj(n) such that (p kl(n))n converges.

Next, since (p’;("))n compact, we take a ko subsequence of k1 such that (p ’5 2(n ))n converges and so
on.

This way, we construct nested sequences k,, such that (p n converges, for every £ < m.
Consider the diagonal sequence (k,(n)),. By definition, from index ¢ on, this is a subsequence of

(k¢(n))n, and thus (plzn(n))n converges for every ¢ € N.
We then pass to this subsequence, notating simply F” instead of F#~(")_ For every n,m € N, we

have
- / B, (F™) / B, (F™)ip — / 85, (F™)p

/m = /Fle
/5% F™)p

m(n))

Frlo— | F™p

2

k
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and since ([ B, (F™)¢p dv),, is a Cauchy sequence in L', we have that ([ F"¢dv), is also a Cauchy
sequence, and thus converges. O

5.2. Almost everywhere compactness. Once we have found some compactness in the variables
t and x through velocity averaging, the aim now is to find compactness in the variable v.

The traditional way of doing this, widely used in the study of parabolic equations, is to search
for an ellipticity estimate for the diffusion matrices @}; that is uniform in n, which together with
Lemma 4 would give us a bound on the derivatives of f. Such an estimate. however, would fall
apart if we had, for example, [ f"(1 —e,f™) = 0 at some (t,z), as this implies @" (¢, z,v) = 0 at
that point. Thus, this estimate depends primarily on the fact that we don’t have a quantum vacuum
at any (¢, ), which seems to us to be a very difficult estimate to achieve.

But it turns out that such an elliptic estimate is not necessary, and we obtain sufficient compact-
ness in v using only a partial notion of ellipticity satisfied by @, namely Lemma 2 of [11], which is
rewritten, for our case, as

Lemma 6. Fiz T,R > 0. Define F' = f(1 —e,f"). Suppose there exists some F € L ((0,00) x
R2VY N L, ((0,00); L*(R2Y)) such that

loc

/F,’flngodv — /Fgodv in L*([0,T] x Bg)

for every ¢ € LY(RY). Let @™ be a sequence of matrices satisfying (20) and

Ka_{(t,z)G[O,T]xBR:/de>a}.

Then, for every a,e > 0 there exists a measurable set |E| < € such that

Ezﬂj’m" (t,z, U)ninj > Cla, 5)|"7|27

for (x,t,v,n) € (Ko N E°) x B x RY and n > ny(e, a).

This ellipticity, together with Lemma 4, gives us an estimate for the derivatives of f in v, which
incurs a compactness in the variable v. Having already established compactness in ¢ and x from the
averaging lemmas in the last section, the next question is whether we can unify these two results
into a single compactness in the three variables ¢, x, v.

The next proposition, which was also stated and proven in [11], shows us that this question is
answered in the affirmative.

Proposition 2. Let T > 0 and (®"),, be a sequence of functions such that ®" =~ & in L>=((0, 00) x
Rg%]\[)) Suppose that, for each T, R > 0,

i. Quasi-bounded in v: for every e,a > 0, there exists a C = C(e,a) and a measurable set
E, with |E| < ¢ such that

/// |V, ®" | dtdxdv < C(e, )
(KaNE¢)x Br

where Ko = {(t,z) € [0,T] x Bg: [ ®dv > a},
ii. Velocity averages: for every p € CZ(RY), ([ ®"¢dv), is compact in L' ([0,T] x Br).

Thus, passing to a subsequence, we have ®* — & almost everywhere in (0,00) X RiNU

Now we can finally gather all the above results to prove the proposition of this section
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Proof of Lemma 8. First, it follows from Lemma 4 that for every T, R > 0, there exists a Cp g > 0

such that
0 n) 9 "
/// asm brlim.) OUma) gy < Cr.p.
(0,TYX BRXBr Ov; Ov;

One would then like to chain together Lemmas 5 and 6. Since we have (?7), for every diagonal

sequence my, such that m,, > M, 7 we have a subsequence such that f7, — f weakly in Lj, ((0,00)x

R2Y). Passing to a further subsequence in n, we have that 35 (Fy ) = b weakly in L*((0, 00) x R2Y),
for some bounded function b.

Note that we cannot apply directly Proposition 2 here, since, the K, that is given by Lemma 6,
defined in terms of [ F' dv, is not necessarily the same as the one in the statement of Proposition 2,
which is written in terms of [b dv.

To fix this, notice that

1Bs(Fn,,) = Bs(fm, )l < 0 enfm,

which implies
’/ﬁa(Fﬁin)sﬁ—/ﬁa( ,:;nw‘ < 5—1sn/f:,znsa

for every ¢ € C*°((0,00) x Ri{\,ﬂ), and thus this quantity converges to zero as n — oo. Using that
Bs(t) <t it follows that, for every ¢ € C* such that ¢ > 0 satisfies

/ﬂa(FJZLn)@S/ Fp e,
txv txv

which passing to the limit implies that b < F' almost everywhere.
Thus, we have that

K! = {(t,x) € [0,7) xBR:/bdv>a} c {(t,x) € [0,7] xBR:/de>a} =K,

and therefore Lemma 6 will give us that, in particular,

///m;mac)xBR VB )| < Cle ),

and then since the velocity averages [ (1 ( fm. )¢ dv are compact, Proposition 2 then implies that,
passing to a subsequence, we have 31(f;, ) converging almost everywhere in (0,00) x Rg%, which
implies that f7, ~also converges a.e. in this space.

Since this sequence is weakly compact in Lj,.((0,00); L' (R2Y)), we can then infer the strongly
compactness in this space from Scheffé’s lemma. O

6. PROOF OF THEOREM 1

We now have all the necessary ingredients for the proof of Theorem 1, which we will divide into
two sections. In the first part, we’ll apply the compactness results we’ve seen so far to show that
the solutions of the Landau-Fermi-Dirac equation converge to renormalized solutions of the Landau
equation, as in Villani’s definition. In the second part of the proof, we will show the convergence
of the conservation laws and the dissipation of entropy, showing that the entropy inequality is still
valid for solutions in the semi-classical limit.
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6.1. Convergence to renormalized solutions. For each n, let (f"),, be an approximating
scheme converging to f™, with coefficients a™™ and [
Let B, = (0,n) x B;(0,n) x B,(0,n) be the t,z,v ball with radius n. Since f — f™ in

L ((0,00) x Ril\{)) we can suppose, up to passing to subsequences in m, that

loc

(33) 1"~ falles < -

for every m € N, as well as

8*” m oa -n,m  =n 1
(34) @™ —ayllo sy |5 — 5 o™ =il €™ =L, < =
J J 0v; ov; L) n’

from the convergences in Definition 3.

This way, by chaining Lemmas 1 and 3 we obtain a diagonal sequence (f, ). that is strongly
compact in Lloc((07 00) X Rij\[)) and we can then pass to a convergent subsequence.

For conciseness, we will notate f;! instead of fy, , as well as @™" instead of @™ for the other
coefficients and so on. Passing to a further subsequence we have that

(35) " — fin Lj,.((0,00); L' (R2Y)) and a.e. in (0,00) x R27.

Since fm e LE ((0, T) x RY; HL (RL)), Proposition 1 ensures that f? satisfies the renormalized

formulation, that is, for every ¢ > 0, taking 5s(t) = we have

_t_
1+6t?

0 " 0 0 ) —nmn
) o Vol 12) = o (" L) B 1 = 20 s ) — 20, B |
- By SO e (72— e U - (1= 22 — 220 Bl 1)

in D’'((0,00) x R27).
From (35) we have B5(f1) — Bs(f) a.e., thus since |B5(f7)| < %, it follows that

/6 n . 86
WE) o i) = L8 o ),
in D’'((0,00) x R2Y).
Next, let us prove the convergence of the coefficients a" " 6(%”]_ , b?’n and ¢™"

Consider @; = a;; *, (f"(1 —f™)). Recall that the convolution of a function g with a signed
measure 4 is the function defined by

(4 g)(x) = / oz — 2.)dp(z.)

and we have the inequality
e * gllzr < llgllor el ®Y).
Therefore if g" — g in L', then p* g" — p* g in L'. For a;; we need a strong convergence
result for f™(1 — e, f™). We have that f*(1 — ¢, f") — f almost everywhere. Since for every n we
have |f™(1 —e,f™)| < f", the sequence f™ converges to f almost everywhere and in L', thus by

dominated convergence, (1 — e, f") — f in L.
b, — b; and ¢ — ¢ in L},.((0,00) x R2Y), then using

oa;;

Ov;

This implies that @;; — a;j, %v” —
(34), we have that
3627}];" 8&@‘
— -
8vj (91)]'

7’”’7 p—
b = b, T C

Fun
— azga %
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in L} _((0,00) x ]RzN) and, by passing to a further subsequence, a.e. in (0,00) x R2". Notice that

loc
since |Bs(f1)| < % we have, from dominated convergence, that Bs(fn) — X Bs(f) in L2((0, 00) x RZY).
Following Remark 1, we consider
=n,n 655 (fn) 0 =, n 66%’” n
e = g [ U]~ A

oary"
and by weak-strong convergence, @;;" 8s(fy) — @i;35(f), B s(fm) — 6“”

R2™) which implies

<+ B5(f) in D'((0,00) x

oa; j

= o @850 = G28()

o 865 (fg)
K 0v;
which we will denote @;; o8 ‘Sv(f )

Next, since 0 < f* < e ') we have that |1 — 2¢, f| < 3 and dominated convergence implies
(1= 2e0 f)Bs(f1) = Bs(f) in L((0,00) x RZT).
Next, there exists a constant C' > 0 such that |Bs(t)| < t/§ + C, for every t > 0, which implies that
enBs(f1) =0 in L>((0, 00) x Ri{\'i)a

again by dominated convergence.
Hence, as before, we have by weak-strong convergence that

O T-nmn
[ = 2o g+ 2208 Bo(2)] = e (s

in D'((0,00) x R2T).
Also, since |f (1 —en fi)| < f7 and t85(t) =

n

m < % for every t > 0 we have that

fr(U=enf)B5(f1) = fB5(f) in L=((0,00) x RZY).
Thus, from weak-strong convergence,
M (L= enfi)Bs(fa) — (1= 2enf)Bs (f3)) — 2eaBs(f3)] = €[fB5(f) — Bs(f)]

in D’'((0,00) x R2Y).
It remains just to prove the convergence of the quadratic term

g J

in the sense of distributions. Let then

2v/2

f) = -
%5(t) 3L+ 1)
notice this implies (v5(t))? = % = —f5(t). We can then rewrite
mynn Ofy Ofy / s (f1) Ovs(f1)
~/tacv IB (f ) dv; av] v, 7T tav s v; avj )
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for every ¢ € C2°((0,00) x R27) such that ¢ > 0 and by (18) this is larger than

% nep n 8’75(](7?) 6’75(f:zL)
Sl (7200 = gy R )
s (fi) Ovs ()

/ /m V= 0 ) (1= e R (e) =g
-/ Vo eV S ) 72) i

where \/am,, (v — v,) denotes the matrix square root of a,,, (v —v.). For conciseness of notation, let
us write a,, instead of a,,, . Hence, there exists a positive Radon measure

s

2

ofr ofy
@) == P Ve = V= e B )

and we have
_nn0fy O
n < _ n
o< [ sy gl

This last quantity is uniformly bounded in n thanks to Lemma 4, thus up to passing to a subsequence
in n, there exists a positive measure p such that

V" = v in Miee((0,00) x RN )

LUV«

where R3YY  denotes the space RY x RY x R} .

Then, we rewrite the term inside the square of (37) as

(38) Vaulv = vV )0 = <R Vo) =
div, [V (o = o)V ) - enf:zm)muﬁ)}
— div, [\/an v — v, } )V i) (1= en fr(va)vs (£
)

The matrices a, have a fixed form, given by (18) and therefore by the uniqueness of the square
root, of positive matrices,

(39) V) = VT (1 - ‘X")

which implies, thanks to the convergence of I',(|z]), that \/an(z) — /a(z) in L} (R
possibly passing to a subsequence in n. Since

\/ n U* 5nfn U* —> \/ﬁ m Ll()c O OO) Rilx} )
and v5(f7) = vs(f) in L}OC((O, 00) x R3 ), we can deduce that

\/an va* \/fn U* 175nfn(v* Vs fn VvV a U*’U* f*m;

in Lloc((o’ OO) Rggv*)

Next, notice that the explicit formula (39) allows us to calculate the divergence of the matrix /a,
giving

) up to

div. [Van ()] = = (N = 1) rmo@,
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which converges to div.(y/a(z)) in L},.((0,00) x R3Y ) and therefore we have that

(40) Vau(v = v)VFr )T = en i) Vs £2)
— div, [va(v=v)V/Frs(f)] - div, [Valo = )| V()

in D’'((0,00) x R2Y), and we notate the limit distribution as \/a(v — v.)v/fsVuys(f). Lemma 4
gives us that (36) is bounded in Lj,.((0,00) x R27), which then implies that (38) is uniformly

loc

bounded in L7 ((0,00) x R2Y:L?(R))). Hence the convergence (40) actually holds weakly in

x,v’

this space and the limit distribution /a(v — v«)v/f«Vy7s(f) can be represented by a function in
L7, ((0, 00) x R LA(Ry,)).
This implies there exists some positive defect measure p such that

V(o = o FEwI 0 = en g Vo3| = |Vale s VEVas(h)| +

weakly in L}, .((0,00) x R3) ) and thus the quadratic term can be written as

e

v'yzi(f)r'

a(v — vy)

6.2. Conservation laws and entropy inequality. So far we have used the approximation schemes
(fM)rn to show that f satisfies the renormalized Landau equation with defect measure. In this second
part of the proof, we will use the fact that the (f™), are weak solutions of the LFD equation to
conclude that f satisfies the conservation laws and inequalities of the Definition 1.

Notice that inequality (33) applied to the diagonal subsequence (35) implies in particular that

(41) F* = fin Lige((0, 00), L' (RZY))

(R2%) for almost every

and passing to a subsequence in n we conclude that f"(t) — f(t) in L} (R2Y

loc
t > 0, hence we have

(2 [ =t [ ro=tm [ 5=

which implies the conservation of mass. Next we have, from Fatou’s lemma,

[ s <tmint [y <tmint [ gpo= [ pov.

for 1 = |v|? or ¢ = |z — tv|?, which implies the inequalities of kinetic energy and momentum of
inertia, respectively. Finally, by interpolation, we find that

L o= / o

which corresponds to the conservation of momentum.

6.3. Entropy inequality. Finally, let us show that the entropy inequality holds for the limit solu-
tion f. Since f" is a weak solution of LFD with quantum parameter €,, and initial data f§, it obeys
the quantum entropy inequality,

(43) ~ / enf™og(enf™) + (1 — enf™) log(1 — 0 f™) / / <

En

L[ s log(enfs) + (1 — enf) log(1 — en ),

En Jav
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where d" is the entropy dissipation (15) with quantum parameter ¢, using the interpretation from
Remark 4. From the conservation of mass (42) we can rewrite inequality (43) as

[ rog g s Lo el g1 — enfm) + //d <[ ouss+ P 0 )

’ﬂ

-1

But since for every 0 < x < &~ " one has

1—
—z < z log(1 — ex) < —x + ex?,

€
the above inequality becomes

(44) /f"logf" //d” /fo log f¢' +5n/(f0)a

where we have used once again the conservation (42).
Since e, (f)? < f& we have from (19) and dominated convergence that the right-hand side

converges to

| oo
From (41), we may extract a further subsequence such that
(45) f*— fae in (0,00) x R2Y
which then implies, from Fatou’s lemma, that
t
(46) flog f + liminf/ / d" < / folog fo.
TV n—=oo Jo Jav v

So all that remains is to pass the entropy dissipation d” to the limit. From Remark 4 we recall
that, since we don’t suppose any regularity of f in v, the fot fm d™ should be instead be viewed as
a notation for | D™||2, of the norm of D™ in L?((0,t) x R3Y ), where D™ is the function

= div, (\/av—v* \/f* Snf*)\/»ar(?&n\/fnif)
—dlvv(\/av—v*)\/f* (1—enfr) 2

— div,,, <\/a(v —v )V (1 —enf™)

arcsin Venfm
arcsin \/Enff>
+ div,, (\/a(v — v*)) VI —enfm) \/267

“’3

B

Venfl

From (45) we can deduce that

(47) Va —v)V/fr(l —enfr) arcs\i/r;T;:Lf” ™= Valv —v)\/ ffs

for almost every (t,z,v,v,) € (0,00) x R3) . We also have that
arcsm Venfm
Valo eI = e i) e 7 < 5 [Vale = eIV

The convergence (41) implies there exists a function g in Lj,.((0, 00), L' (R2Y)) such that, passing
to a subsequence in n, we have |f"| < g uniformly in n. This in turn implies

[Vl eIV < [Vae e
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Let us show that this function is in L}, .((0,00) x R3Y ). Indeed, from uniqueness of the square
root of positive matrices,

z2®z
(19) Val = VIR (1- 257).
which in view of (10) and /z < 1+ z for every z > 0, unphes there exist functions o € LY(RY)

and 8 € L*®(RY) such that /a(z) = a(z) + B(z). Consider the compact sets K, C (0,00) x RY,
K, C Rfjv and K,, C Rf}’;, then

/ ’ a(v —vy)
Ko XKy xK,, ij

VIV < (Il + 18] Ko /2K 2 x

HQHLI (Ko X Koy )HgHLl(KmeU*)’
hence, by dominated convergence, (47) holds in L} ((0,00) x R3Y ).

loc TUVVs
Next, the explicit expression (48) allows us to compute the divergence of this matrix, leading

z

div, [ a(z)} =—-(N-1) (|Z|)| EX

The integrability (10) allows us to deduce that div, y/a(z) is also in L1 (RY)+ L>°(RY) and as before
we deduce that

(49) div, (\/a(v — v, ) V) VIR —enfr) arc%ﬁif\/ﬁ% div, (\/ a(v — w)) VIfe

in L, ((0,00) x B2, ).

LUV

The convergences (47) and (49) imply that

50) div, (Valo =0 VFI =, ) s V5,77
—divv<\/av—v*)\/f* 1_Enf*)f Venfm
— div, (\/ a(v — vy \/I) div, ( a(v — v*)) NI

in D'((0,00) x R3Y ). Exchanging v and v, and summing it to (50), we conclude that D™ converges
to

D = 2div, (\/m\/fTC*) — 2div, ( a(v — v*)) VI
= 2div,, (Va(v—v) VL) +2div,, (Valo = o)) VI

in D'((0,00) x R3N ).

LUV«

On the other hand, we have from (44) that

1D 12 = //d <[ mrowss+ [ 5= [ frioms

and thus D" is uniformly bounded in L2((0,00) x R3Y ) and we have D" — D weakly in this space.

TUVVx
Then, from the lower semi-continuity of the norm with respect to the weak convergence we have

t t
| [ a=1pi < tmint 07 =it [ o

which, together with (46), leads the result.
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7. PROOF OF THEOREM 2

It remains just to prove the convergence of the quadratic term —gj( f;;)afj" aa]; ’; g{) ”;‘L . As before,
we can’t prove this converges to something expressible as a function of the objects we have thus far
and as a consequence this term which will be responsible for the appearance of a defect measure.

Indeed let
2v2
V(1 +dt)’
and we rewrite, in the sense of distributions,

_Bg/(fn)an,n af’rrLL af:zb _ —n,n 8’75(']07?) 875(f77;)

Y5(t) = —

i 8’01' an _aij 8vi al}j
= @V (7). Vol (F2)
= [VE Gt

Rewriting the function inside the absolute value as

e () D [, o(varr),,
(51) (ﬁ)g(f) = gu (VAT )] = =5 s ),
as before, we want to apply some weak-strong convergence result here to at least deduce the con-
vergence of this term in the sense of distributions. However, it soon becomes clear that these are
not directly applicable in this case, since the convergence properties of the matrix v/a™" cannot be
deduced directly from the convergence of @™ alone. For example, the singularities of the derivatives
of the square root of a matrix when close to zero prevent us from concluding the convergence of the
second term in (51).

What we can do then is approximate this matrix by one that is more regular and therefore we
can deduce this term in the limit. We then follow an approach close to Villani’s in [13] and consider
the approximation of the square root S*(M) = AF(M)x*(M)v/M, where x* is a C>(S%) function,
defined on the space of positive semi-definite matrices S’ such that

k(M) )1 A (M) <k and Apin (M) >
X 700, i Amar(M) > 2k or Apin(M) <

where Apin (M) and Ay,q. denote respectively the smallest and the largest eigenvalue of M. In other
words, we truncate v/M at high values and at the singularity at zero. We can show that S* is a
C2° function such that S*(M) — M for every positive semi-definite matrix M. Also, the sequence
(S*(M))y, is increasing with respect to the matrix order and we have S*(M) < /M.

Then,
0 ") 0 "
(s (@y?), R D8 gt nony o, s 1)
i j

and for the term inside the absolute value we have the convergence

n a(Sk(@vm)). .
(Sk(an,n))um — i [(S’“(E”’"))ijva(fﬁ)} _ ((&)j))lﬂpy(s( g)

v 8Uj 81}]‘

(52) |

5o [(8"@),5(0)] -

o(S*(a))..
wvé<f> = (s@),,
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in the sense of distributions.
Indeed, for each k, S* is a Lipschitz function, the convergence of @™ — @ in L}, ((0, 00) x R2Y)

implies that S*(@"™) — S*(@) in L,.((0,00) x R2%). Moreover, the derivatives of S* are also

k(=n,n k(=
Lipschitz, implying the convergence of 2% 8(3 ) Ogv(va) in L}, .((0,00) x R2Y).
J J ’
Notice that the equality with (Sk(a))ijava‘;iv(,f) in (52) is a definition of a notation, rather than
J

the proof of this limit, so it’s important to notice that this product of functions is not necessarily
a pointwise one. One should rather see the above expression as a black box. We will also notate
S¥(@)Vy7s(f) the vector such that the i-th component is equal to (S* (E))ijaﬂgsiifjf).

Even though we have defined a notation for the limit distribution rather than calculated, we
can nevertheless show that this distribution can be represented by an L7 ((0,00) x R2Y) function.

loc
Indeed, since S*(M) < v/M, we have that

s (f) Os(fn) Znn s (fn) Ovs(f)
i v, 8Uj - Y dv; (9’0]‘

(53) (¥ @ "?)

and from Lemma 4, this last term is uniformly bounded in Lj,.((0,00) x R2Y), which then implies

(S*@™)v, (’yg(f{j)))n is uniformly bounded in L7, .((0,00) x R2Y), for every k. We have, therefore

loc
(54) SH@")Vo(rs(f)) = S @Vu(15(f)) in Li,e((0,00) x R3T)

and the distributions S*(@)V,7s(f) can be represented by L2 _ functions.
This implies in particular that |S*(@""™)V,(v5(f?)) — S*¥(@)V,7s(f)| is uniformly bounded in

L?,.((0,00) x R2Y). Let then 4" be a measure such that, passing to a subsequence in n,

loc
—n,n n — 2
(55) |SH@ ")V () = S* @ Vs ()] = u*,
and this way we also have that, for a compact set K,
N —n,n n — 2
1K) < Timinf |8 @)V, (5 (£2)) = S5 @V ()]
< 4liminf [ S* @)V (6 () 32,

< 4liminf [@"V, (v (F) Vo (v (£l a0

LY(K)

where the last inequality comes from (53). Hence, (11*) is bounded in M;o.((0,00) x R2Y), and
thus extracting a subsequence in k we have that p* — p.

Lower semi-continuity of the L? norm with respect to weak convergence implies, using (54), that
for every T, R > 0 we have

/ SH@VL s < [ IS4 @)V (7))

(O,T)XBRXBR (O,T)XBRXBR

and from (53) the right-hand side is uniformly bounded by a constant. Extracting a subsequence in
k we impose

SE @V (rs(f) = Vav.(i(f),

that is, as before, the distribution v/aV,(ys(f)) is a notation for the limit of the sequence S*(@)V, (75 (f)),
which can be represented by an leoc function.

Once again, notice that the above definitions are just notations representing distributions and
should not be seen as a pointwise product of functions, if we have no additional hypotheses about
the regularity of the functions in question. If we knew that this was a pointwise product, we could
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easily show the convergence of S*(@)V,vs(f) to vVaV,vs(f). Indeed that’s the case for f7. Since

x* is an increasing sequence converging a.e. to the constant function 1 we have by Beppo-Levi that

(56) |S*@ "V (s (f))I? = X @) Va " Vo (s (Fi)P = [Va™" Vo (vs(f))I?
in Lj,.((0,00) x RZT).

This argument doesn’t work directly with S*(@)V,vs(f), because this is not necessarily the point-
wise product of S*(@) with V,vs(f). However, the following result shows us that this convergence
occurs even if we don’t have this property.

Now, this result, combined with (55), (56) and the fact that u* — p implies that

‘V a” "V, (vs(fi)) ’ ’Vﬁvﬁ% ‘ + @
and then it suffices to notice that

2 ofyr ofr
VAT G| =TV G T 12) = ~ B G S

and to define —3§(f)a;; gf 5+ as the square of the L2 .((0,00) x RZY) function vaVv,(ys(f))-
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